Abstract -Code design for the low SNR MIMO noncoherent correlated Rayleigh fading channel is considered. Design rules which exploit the correlations in the transmit antennas in the MIMO case, to provide gains over the corresponding SIMO case are presented. The Chernoff bound on the average pairwise error probability (APEP) is used to study the effect of the receive correlation matrix on system performance at different SNR regimes. Based on a lower bound on the APEP, which is related to the Bhattacharya coefficient, a technique is proposed to design codes for use with transmit beamforming, with codewords having unequal prior probabilities. The motivation for such codes with unequal priors arises from recent information theoretic results on the low SNR channel. Such constellations are shown to perform substantially better than constellations designed assuming equal priors, at low SNRs.
I. INTRODUCTION AND SYSTEM MODEL
The problem of communication over a low SNR noncoherent i.i.d. Rayleigh fading channel under an average power constraint has been recently studied from an information theoretic viewpoint in [1, 2] . [3] studies the correlated Rayleigh fading model and provides some characterizations of the capacity achieving distribution. Results in [1, 4] indicate that at sufficiently low SNR, the mutual information is maximized by keeping only one transmit antenna on.
However, in practice, realistic MIMO channels exhibit correlations among the antenna path gains which can be exploited to provide gains. This is one key idea explored in this paper.
The coding-modulation viewpoint of low SNR noncoherent Rayleigh fading channels is relatively new. Recently, Borran, et al. [5] presented techniques to design constellations with equal prior probabilities for the MIMO Rayleigh i.i.d. fading using the Kullback-Liebler (KL) distance as a design criterion. These codes were shown to perform better than some existing noncoherent codes at low SNR. However, information theoretic results over the low SNR noncoherent i.i.d. Rayleigh fading channels under an average power constraint indicate that the capacity achieving distribution gets peaky at sufficiently low SNR (c.f. [1, 2] ). Consequently, we allow for codewords with unequal priors in a code and optimize over the prior probabilities to achieve performance gains. This is the second key idea explored in this work. We also find that the Bhattacharya distance yields better results for code design than does the KL distance.
This work was supported in part by NSF grants CCF-0434410 and CCF-0431170
We consider a communication system with ¢ £ transmit antennas and ¢ ¥ receive antennas. In our channel model, the channel matrix §© is assumed to be constant for a duration of In the following propositions, we assume that codes are defined this way, and that there are no two codewords such that 
where . Define each codeword of . Hence, the expression for the received signal density is the same as that in (7), except for the increase in signal power in (9) . With a suitable renormalization of 
III. APEP AND THE CHERNOFF BOUND
The expressions for the WEP are hard to evaluate in closed form and hence we resort to working with the APEP to develop design criteria. We first relate the WEP of a code to the APEPs. Denote the pairwise decoding region for codeword given that 
(13) can be derived from (12) using techniques given in [7] , where the Chernoff bound for general and for the correlated Rician fading model is derived assuming equiprobable signaling. We study , for which the Chernoff bound is popularly known as the Bhattacharya bound. The Bhattacharya bound will be used in code design in Section IV.
We first study the properties of 
where we have denoted the Chernoff bound at low SNR by
. This approximation has been used on the Chernoff bound in [7] . We show that interesting insights can be drawn from the low SNR Chernoff bound in the correlated Rayleigh fading case.
We characterize the behavior of
with respect to I ¥ in the next proposition. We emphasize that whenever we refer to
, we assume that the SNR is sufficiently small to justify the approximation made to arrive at (15). Let the vector of the non-zero diagonal elements of . We need the following two definitions from [8] for the propositions that follow. We next simplify (13) assuming that the SNR is large. For notational simplicity, we denote 
The Bhattacharya upper bound in (17) is got when of the Chernoff bound in (13) is assigned the value . In the case of equal priors, minimizing the largest . From simulations, we find that the lower bound is more suitable for our design method and we use it in our illustrations here.
Let a rate h bits/s/Hz be fixed for the code as a design parameter. Another design parameter that we will fix is the cardinality of the constellation e . Since the algorithm we will describe allows for unequal priors, which are obtained as the output of an optimization, the choice of 
Solving this problem seems hard in general, and we adopt a suboptimal procedure instead. We perform this optimization over the set of all constellations such that the signal points lie in concentric spheres
, with the probabilities of signals lying in the same sphere being equal. We assume that the spheres have radii . While this assumption need not hold with the optimal constellation, it is reasonable, as the capacity achieving distribution for single eigenbeam constellations is known [3] to be of the form . This is a property that need not be true of the optimal code. However, this assumption simplifies the code design greatly.
Notice that for any two points on the same sphere with radius 
The simplified max-min problem corresponding to (20) may be expressed as as they occur as constant multiplicative factors in the expression. The problem of finding the best constellation within each sphere is studied for instance in [11] [12] [13] , and so we may use these constellations and their minimum distances for this stage of the optimization. This procedure may be adopted for each iteration corresponding to a set of of each resulting constellation stored. Then the candidate that has the largest minimum distance between pairs is selected as the best constellation.
We plot the WEPs of constellations designed for a coherence time of , and an 8-point constellation having equal priors, code design for both the MIMO and SIMO cases resulted in the 8-point single antenna unitary design with all points at a radius of 3 as the constituent eigenbeam. With unequal priors and an expanded constellation of 17 points with the same rate, the algorithm described indicated a constellation that has a point at the origin with probability It is seen that the 17-point code designed through the algorithm described, has a higher probability assigned to the origin and smaller probabilities assigned to points on a sphere. The form of the code resembles the capacity achieving input distribution at sufficiently low SNR. For the SIMO case, the 17-point constellation with unequal priors required around 3 receive antennas fewer than the 8-point constellation with equal priors for a WEP = E B ¦ 0 . Significant improvements are observed when the same codes are used in the MIMO correlated channel with precoding.
V. CONCLUSIONS
We presented a method to design single eigenbeam codes for the MIMO correlated Rayleigh fading channel, using a lower bound on the APEP related to the Bhattacharya coefficient. We showed how the Chernoff bound on the APEP varied at different SNR regimes with & ¥ . We proved theoretically, and demonstrated via simulations that significant im- . Since single eigenbeam codes are optimal at sufficiently low SNR, the codes designed here are eminently suited for use in this SNR regime.
